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Abstract 

A typical formula of multiple zeta values is the sum formula which expresses a Riemann zeta 
value as a sum of all multiple zeta values of fixed weight and depth. Recently weighted sum 
formulas, which are weighted analogues of the sum formula, have been studied by many people. 
In this paper, we give two formulas of weighted sums with two parameters of multiple zeta values. 
As applications of the formulas, we find some linear combinations of multiple zeta values which 
can be expressed as polynomials of usual zeta values with coefficients in the rational polynomial 
ring generated by the two parameters, and obtain some identities for weighted sums of multiple 
zeta values of small depths. 

1 Introduction 

Let n be a positive integer. For any multi-index (Zi, Z2, . . . , In) of positive integers with li > 2, the 
multiple zeta value, sometimes called multiple harmonic series or Euler sum, is a real number defined 
by the convergent series 

ah,h,...,in) := E ^r^r — ^- (1-1) 

We call the integer I := li + ■■■ + ln its weight and n its depth. These real numbers, already considered 
by Euler [5] in the case of depth 2, have arisen in various areas of arithmetical algebraic geometry, 
number theory, knot theory and physics since the early 1990 (see [IH])- A principal goal of the study 
of multiple zeta values is to determine the algebraic relations among them as much as possible [TH [IS] . 
Recently Brown |3] has given a crucial result, or proved a conjecture proposed by Hoffman [Tl], which 
states that every multiple zeta value of weight I is a Q-linear combination of ({h, ■ ■ ■ , InYs satisfying 

n > 1, li, . . . ,ln £ {2, 3} and I = h The result yields the upper bound for the dimension of 

the Q- vector space spanned by the multiple zeta values of any fixed weight /, which was conjectured by 
Zagier and proved independently in the papers ^Sj of Deligne and Goncharov and [S^ of Terasoma. 

A way of researching the algebraic relations among multiple zeta values is to give their elegant 
identities which were studied in many papers [3j [Tj [131 [13 [H [HI [26] . Elegant identities are also 
interesting in themselves. One of the typical examples of them is the sum formula 



^ C{ll,...,ln) = C(0 (1-2) 



.l2.--. 
(!l + ---+!,i=0 



for any pair (Z, n) of positive integers with I > n > 1, which means that the sum of all the multiple 
zeta values of fixed weight / and depth n is equal to the special value of the Riemann zeta function at 
argument /. This formula was conjectured in [13 and proved by Granville [11] and Zagier [30] . When 
n = 2, it is the Euler sum formula |9j 

Eca^-j) = c(0- (1-3) 

Recently weighted analogues of the sum formula have been discovered or studied [501 [Ml [H] • Ohno 
and Zudilin [23] gave the weighted Euler sum formula 

E2^C(j,^-.7) = (l + mi) (1-4) 

J=2 
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to prove relations between multiple zeta values and multiple zeta star values whose definition is same 
as (jl.ip except allowing equality among the m^'s. Gangl, Kaneko and Zagier [TU] systematically 
studied the double zeta values in a formal setting, and obtained many formulas. One [TUl (26)] of the 
formulas includes the weighted sum with parameters x, y of the double zeta values of weight I 



i-i 

E 

J=2 



(1.5) 



which is the generating function of the double zeta values of weight / in other words. The formula we 
call the weighted sum formula with parameters is 



5i{x + y,y) + 3i{y + x,x) = 3i{x,y) + 3i{y,x) 



V 



x-y 



-C(0- 



(1.6) 



We note that this with {x,y) — (1,0) and x = y = 1 yield (|1.3p and (jl.4p respectively, and that the 
coefficients of x^~^y^~^~^ in the formula are equivalent to the double shuffle relations derived from 
shujfle relations and harmonic relations among double zeta values (see |101 116] for the relations). 
Motivated by the work of Ohno and Zudilin, Guo and Xie [H] generalized the weighted Euler sum 
formula (jl.4p to arbitrary depth n. Eie, Yang and Ong [51, Proposition 8] also obtained a formula which 
gives relations between weighted sums of multiple zeta values of even depth and sums of products of 
two multiple zeta values C(fc + Ij {1}'' ^) {k,3 > 1) in order to prove alternating double sum formulas 
of multiple zeta values [SJ Theorem 4 and 5]. Here {1} denotes /c-tuple (1, . . . , 1). 

In this paper, we give two formulas including the following weighted sums with two parameters of 
multiple zeta values of any weight I and any depth n. 



3|"Hx,2/) 



E 



(1.7) 



;i>2,;2,--,'ti>i 



where 3;^\a;,y) stands for ^C,{1) and 'iif\x,y) equals 3;(a;,2/). One of the formulas is given by a 
generating function expression for simplicity. 

THEOREM 1.1. Let T[z) he the gamma function. For complex numbers x and y, we have 



E 



3r (^ + y,y) + i-mriy + x, x) - {{-irx' 

;>ri>l - 

r(i - xx)r{i - y)r(i - yx)r{i + y) 



^)C(0 



1 - 



= 1 



exp 



r(i -xx - y)r(i -yX + Y) 

(a;™ + y"") + (1 + (-1)") Y" 



C(m) 



(xX + y)™ - {yX - Yf 



(1.8) 



Another formula gives a relation among 3l"\x + y,y) + {-m'i'Hy + x,x) (2 < n < / - 1) for 
any weight I, which yields the weighted Euler sum formula p.4p of Ohno and Zudilin by substituting 
(1,1) for (x,y). 

THEOREM 1.2. For any integer I > 3 and complex numbers x,y, we have 
i-i 



E (2^ - ^)'"' + y^y) + (-i)"3|"^ {y + X, x) 



(1.9) 



n=2 



(y-x)'-^((l + (-l)')- 



yx{y - x) 



2'-i 



1 , .^|X y 
-+ -1 '- + - 
y X 



We comment about an application of Theorem 11.11 Many people [T71 (THl HH] recently have 
given some combinations among multiple zeta or zeta star values which can be written in terms of 
polynomials of single zeta values with rational coefficients. We see from Theorem 11.11 that every 
3i^\x + y,y) + (— l)"3;"^(y + x,x) can be expressed as such a combination, but the coefficients of 
the polynomial have not only rational numbers but also the parameters x and y. 
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We also give a generalization of the formula [5J Proposition 8] of Eie, Yang and Ong in the course 
of the proof of Theorem ll.il and show that the generalization is equivalent to the formula of Arakawa 
and Kaneko [2, Corollary 11] (see Proposition 12.41 and Remark l2.5p . We note that Theorem 11.11 and 
11.21 do not include the formula (jl.6p of Gangl, Kaneko and Zagier but Theorem 11.11 implies it by use 
of some equations of double zeta values (see Remark l4.2p . which suggests that each of (|1.8p and (|1.9p 
is a formula of a different type from (jl.6p . 

The paper is organized as follows; fJH and 321 devote the proofs of Theorem 11.11 and 11.21 respec- 
tively. In [21 we give some identities among multiple zeta values of small depths between 2 and 4 as 
applications of the theorems. 



2 Proof of Theorem 11.11 

For a proof of Theorem 11.11 we first consider weighted sums with two parameters of multiple poly- 
logarithms instead of multiple zeta values. The multiple polylogarithm is defined by the convergent 
series 



Lih,...,i„iz) 



E 



h It, 



for any multi-index (Zi,...,/„) of positive integers and any complex number z with \z\ < 1. The 
weighted sum with parameters of multiple polylogarithms of fixed weight I is 



Z^^\x,y;z) 



J2 x'-iy'-'-("-i)Lz,,,...,„(z), 



ll,...,Ln>l 
(ilH hi„=i) 



where I > n > 1 and x,y,z £ C with \z\ < 1. The definition of £,'f^\x,y; z) allows Zi = 1 in the 
summand unlike the case of the multiple zeta values, because the multiple polylogarithms Lii-^_,,,^i^{z) 
with h = I are convergent by \z\ < 1 and needed in the following identities. 



LEMMA 2.1. For integers l,n with I >n>l and complex numbers x,y^z with \z\ < 1, we have 

(2.1) 



£["^ {x + y, y; z) + (-l)"£[")(y + x, x; z) 



(jl+j2=") 



Proof. Let mi, . . . , rrin be complex numbers. We know the identity 

n- = (-ir'E— n 



3 = i 



J i = l 



For example, it was used in the paper [llj for the proof of the sum formula (|1.2p . By putting 

1 



P(")(mi,...,m„) 



n 



and replacing rrii with rui + ■ ■ ■ + rUn in the identity for i = 1, . . . , n, we get 
P(")(mi,...,m„) 



= (-ir-^E' 



n 



mi 



n 



1 



m.j -\ h mj_i 



= J2^-iy^-' P^'-'\rn,, . . . ,m,_i)F("+i--'")(m„, . . . ,mj). 
Let t be a variable. By substituting (toi — xt,mn — yt) for (mi,m„) and a modification, we obtain 
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P(")(rni - xi,TO2, • ■ • , m„_i, m„ - yt) + (-1)"P'^"^ (to„ - yt, m„_i, . . . ,m2,mi ~ xt) 

J2 {-^T-'^P''''\'mi-xt,m2,...,mj,)P^^-\m„~yt,m^^i...,m,,+i). (2.2) 



We set first and second terms of left hand side with Ai and A2 respectively, and the right hand side 
with B. For each Ai,A2 and B up to i"™", we will consider taking the sum of positive integers 

TOi, . . . , m„ > 1 and differentiating at t = with I — n times. 



)L — Jl 
t— ^ •~>^ 



mi ,. . . ,771^1 >1 

l — n 



mi ,. . . ,771^1 >1 



-I y — ^ TT 

J t-a -^1 "^1 ^ h m„ - (a; + y)t J--^ H ^m„-yt 

d\ l — n 



" 1 

y f TT ^ 



7711 >...>mTi>0 ^1''2 ^Ti>0 J- -L 

(il + --- + In = l-") 



il.i2,- -,'n>l 77li>...>m„>0 "^1" ' ■ ' ™l" 



(ii + --- + i,i=0 

= G-n)!£["^(x + y,2/;2). 
We can calculate those for A2 and B similarly, and we will get 



'1-1 



dt 



7711 ,. . . ,r77„ > 1 



and 



^7ni + -+7n„^ 

dt I . „ 

= G-n)! (-l)''"' E a;'^2/'^^*fci+i,{i}.i-Wi»fe,+i,{i}.2-iW. 

(31+j2 = '») (fci+fc2='-") 

These with (j2.2D prove the lemma. □ 

In order to derive identities among multiple zeta values from Lemma 12. 1[ we need asymptotic 
properties of multiple polylogarithms Lii^....^;^ (z) with = 1 as z 1- We do not have to consider 
the case of /i > 2 because liuvz^i Lii^^,,,j^{z) = ({li, . . . Jn) if ^1 > 2. 

LEMMA 2.2 (cf. |16[ Section 2]). Let n be a positive integer. For any multi-index (Zi,...,Z„) of 

positive integers with li = 1, there is a polynomial fi-^^,,,_i^(t) with real coefficients and a positive real 
number J > such that 

Ln,,...,iAz) = /i„...,,„(-log(l~z))+o((l-z)(log(l-z))^) 
where O denotes the Landau symbol. 

REMARK 2.3. In |16| . every polynomial fi-^....^i,X't) is given more concretely. However we need only 
the fact that it is a polynomial with real coefBcients in this paper. 
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By Lemma l2.ll and 12.21 we obtain the formula below, which with x ^ y ~ 1 gives the formula of 
Eie, Yang and Ong 8, Proposition 8]. 

PROPOSITION 2.4 (cf. 8, Proposition 8]). For integers l,n with I > n>l and complex numbers 
X, y, we have 

3j"^(x + y,y) + (-1)"3|"^(2/ + x,x)- + y'"") C(0 (2.3) 

= (-1)''"' E ^'^/X(fci + l,{ir"')C(fc2 + l,{l}-''^"') 

(Jl+J2=^) {ki+k2=l-n) 

where empty sum, occurring when n = 1 or I ~ n = 1, means 0. 

Proof. In (|2.ip , the sum of the divergent terms of the left hand side as z 1 is 



(i2 + --- + 'n='-l) 



and that of the right hand side is 

E (-1)"'"^ (2;'""i«i-„+l,{ipi-i(z)i«i,{i}.2-i(z) +y'~"i«i,{i}n-i(2;)i«,_„+i,{ip2-i(2)) 

31 J2 >1 

Ul +72 = ") 



Jl '32 > 1 
(31 +72="-) 



By virtue of Lemma |2.2[ there is a polynomial f{t) — X^j^o ^3^'' ^^^^ ^^^^ coefficients and a positive 
real number J > such that 

5\"\x + y,y) + {-ir3\"\y + x,x) 

= E (-1)''"' E ^'^/x(fci + i,{ir"')c(fc2 + i,{ir-') 

Jl '32 >1 fcl ^^2 ^ 1 

(Jl+J2=") (fcl+fc2=i-"^) 

+ ((-l)"x'-" + y'-") /(-log(l -z))+0 ((1 - z)(log(l - z))') {z / 1). 
Since the right hand side must be converged, we see that = (i = 1, . . . , m) and 
3["^(x + y,y) + (-l)"3j"^(y + a:,a:) 

= E (-1)''"' E ^'^/X(fci + l,{ir'')C(fc2 + l,{lp"') + ((-l)'V-"+y'-«)ao. 

(jl+j2=i) (fci+fc2='-") 

By substituting (0, 1) for (a;, y) and by the sum formula (|1.2p . we obtain 

ao = C(0 + (-l)"C(^-ri + l,{l}""'), 
which completes the proof. □ 

REMARK 2.5. For any integer r with < r < / — n, we define a real number i'l"'\r) by the Q-linear 
combination of multiple zeta values 

il>l + r ^ il, .-.,(„>! ^ / 

i2,...,i„>l (ilH h!„ = i-i-) 

(il + -- + 'n=') 
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Here C(l, I2, ■ ■ ■ , In) stands for 0, thus ^["■'(O) — by the sum formula (jl.2p . Since 



l-n 



j = '2 '7i>l 

and 

we have 

t\^ + y^y) = E^V-""'^3["^W- 

By comparing of each coefficient of x'^y'-~^~'^ {r — 1, . . . ,1 — n ~ 1) in (|2.3p . we get 

3|")(r) + (-l)"3|"^G-n-r) = ^ {-ir^-\{r + 1, {iy'-')ai ~ n - r + 1, {1}'^'-'), 

(Jl+j2=") 

which is the same as the formula of Arakawa and Kaneko [3J Corollary 11] with (r, m, k) = {r, l—n^r, n) 
by virtue of the duality formula ({p + 1, {1}''^ ) — ({q + 1, ) {p,q > !)■ Proposition 12.41 and 

[H Corollary 11] can be proved by each other, or are equivalent, since the remaining coefficients of 
a:'~" and y'"" in (j2.3p mean the sum formula (jl.2p . (We note that the order of the multi- index of the 
multiple zeta values in this paper and [2] is reverse.) 

We are in a position to prove Theorem 11.11 now. 
Proof of Theorem \1.1[ We see from [I] |S1 E] that 

^ ' k,j>l 

Thus 

r(l - a;X)r(l - Y) r(i - yX)r{l + Y) 
r{l-xX -Y) r{l-yX + Y) 

= 1 - ^ x'^Cik + 1, {iy-^)X''Y^ - ^ (-1)^/C(fc + 1, {l}'"')^''^^' 

k,j>l kj>l 

kujl>l ' ^k2.]2>l 



1 - J2 ^'^^ 



Ln>l 



(a:' + (-l)V)Ca + l,{l}""') 



31,32^'^ '=1>'=2^^1 
(jl+j2=") (fcl+fc2=0 



which together with Proposition 12 .41 gives the first equation in Theorem ll.il The second follows from 

00 ('(to) 

the first and the well-known Taylor expansion logr(l ~ z) ~ + ^ z™, where 7 is the Euler 

m=2 ^ 

constant. □ 
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3 Proof of Theorem [Il2] 

In order to prove Theorem 11.21 we first give a different expression from the formula in Thcorem ll.il 
by use of the function 

3{x,y,z) := Vz" V — ^ -. 

■^-^ ^-^ nil (mi — X) (to2 — V) ■ ■ ■ {w„ — y) 

Since 

X X 



3ixX,yX,Y) = J2 



mi (mi - xX) (m2 - yX) ■ ■ ■ (m„ - yX) 

™ ^v./lT,/2-i h^Tl 

Eyn \ " \ ' ^ y 

TOi ^ ^ Tn'i + lm'2 + 1 ..Tr7'" + 1 

n>l mi>->m„>0 1 ;>0 'l i^>0 ^1 "^2 " ' " ™« 

(il+-+!n = l) 

E-V^i-iAM i^H hi„ -(n-1)/-/; ; \ 

XY a;i y-^ ^" ^ ^C('i, • ■ • , «Jv), 

;.n>l !i>2.!2,...,!„>l 
(il + --- + !,i = i + n) 

we see that ^{xX, yX, Y) is the generating function of 3;"^ (a;, 2/)'s, or 

3(.xX,yX,Y) ^ ^ 3[:L(a:,y)X'r" = ^ 3j"^(:.,2/)X'-"y". (3.1) 

i,ri>l Z>n>l 

Therefore, by p.ip and (jl.Sp with {xX,yX,Y) — {x,y,Y), we obtain a functional equation for 
5{x,y,Y) and r(2;), or the different expression 

3{x + y,y,Y)+3iy + x,x,-Y)- ^ C(^ + ^) (a^'(-n" + 2/'^^") (3-2) 

i,ri>l 

^ r(i-a:)r(i-y)r(i-y)r(i + y) 
r(i -a;-r)r(i -y + r) 

This implies the following formula. 
PROPOSITION 3.1. We have 

3iX + Y,Y,Y~X) + diY + X,X,X~Y) (3.3) 
- 1 - ZZy^'I) + E Ca + n) {X\X - YT + Y\Y Xf) . 

^ ' l,n>l 

Proof. By substituting {X, X + Y) for (a;, y) in ((X^ . we get 

3(2x + y,x + y,y) + 3(2x + y,x-y) - ^ C(? + ?^) (x'(-r)" + (x + y)V' 

/,n>l 

= i-r(i-r)r(i + r) 

TXY 



1 



sin -kY 

We complete the proof of the proposition by replacing Y with Y — X. □ 



We prove Theorem 1 1.21 
Proof of Theorem Since 

J2 Cil + n) {X\X - r)" + Y\Y- XY' 



l,n>l 



£c(m) J2 {x\x-Yr+Y\Y-xr) 



J2am)(xiX-Y) ^ 



X -{X-Y) ^Y{Y~X)^ -iX-X) 



X 



oo 



{Y-x)[ — -'—\-{Y- xy- ( + 1 



m=2 



(Y-xy 



j^7n-\-l 

YX{Y - X) 



and 



smTTZ 



— cot — h tan - 
2 V 2 2/ 



(y-xr((-ir| + | 



1 + 2 E ^i^CM^' 



( = 2 
(1 e«e„) 



we obtain the following equations; 

E ^'+"ca + {^\^ - y)" + - ^)") 

/,n>l 

oo 

= E^'(^- 



i=2 



2/ X 



yx{y - x) 



C(0, 



sin7r(y — x)t 
By p.ip . we also get 

3((a: + j/)t, yt, {y - x)t) + 3((a; + y)t, xt, {x - y)t) 

= E ^' E - + y) + (-i)"3|"^ {y + x, x)) . 



l>2 n=l 



Calculating the coefficients of r 's of the above equations and Proposition 13.11 prove the theorem. □ 



4 Some identities derived from Theorem 11.11 and 11.2 



In this section, we give some identities among multiple zeta values with small depths between 2 and 4 
by use of the theorems. First we obtain them by direct calculations of the coefficients of F" (n — 2,3,4) 
of (HH) in Theorem O 

PROPOSITION 4.1. Let I be an integer, and 6ij Kronecker's delta which is 1 if i — j and 
otherwise. We assume that empty sum is equal to 0. 
(i) Ifl>S, 



5'i^'>{x + y,y) + 5f\y + x,x) 



(ii) Ifl>^, 



3p' (a; + y,y)- 3f ^ {y + x) 



l + i 



V-2 + yi-2 



)C(0-i E \{{^''-' - y''-')m 



jl.j2>2 i=l 
(jl+32 = 



a + i)(;-4). , 3 , 
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{x'-^~y'-^)ai) 



\ E i32-l)i{ix^^-'-'^^^~{~lt^^y''-'-'-^)a3^) 



jl>2,32>3 
(Jl+J2 = 



8 



31 >J2 iJ3 >2 i—1 



(iii) Ifl>5, 



24 



Jl>2,j2>'l 

(il+j2=0 



4=1 



(Jl+J2=0 



J'l 7^2 ^2, j3 >3 
(Jl+J2+J3=0 



Jl >J4 >2 2=1 
(jl+J2+i3+i4 = 



Proof. We set the argument of the exponential function in (11.11) with 

(x™ + y") X'" + (1 + (-l)™)r™ - (xX + y)" - (yX - yY 



h,y{X,Y) := ^CM- 



Since 



Ec(^ 



(xX + y)" + {yX - Yf^ 



m>2 



E 



C(to) 



ri/ TA\m— n 



i>0 m>max{2,n} 



we get 



n>2 



C{n) 



(i + (-ir) + E 



in>l 



m + n\ C(to + n) 



n j m + n 



(a;'" + (-l)V") 



E^"E^^ 

n > 1 m > 1 



TO + n\ ^(to + n) 



n / m + n 



(x™ + (-1) V 



We will calculate the Taylor polynomials of -~{fx.y{X, Y)y {j — 1, 2, 3, 4) with degree 4 at y = 0. 
-U,y{X,Y) - Yj2x'-Ux^-^-y'-')c{l) 



l>2 

Yl 

' 2 

y3 



Y,X'-\l^l)[x'-^+y'-^)ai) 



l>3 



J2x'-^il-l)il-2)(x'-'-y'-')ai) 



l>4 



9 



y4 

"24 



/>4 



(jl+j2 = 



/>5 il>2,32>3 i = l 

(31+j2 = ') 

(31+32 = 

/>6 31-32>3 i=l J 

(31+J2 = 

(Jl+J2+J3=0 



Jl,i2>2,j3>3 



/>8 



(jl+J2+J3+J4 = 



On the other hand, we see from Theorem 11.11 that 



E 



31") + y, y) + (-1)"3|"^ (2/ + X, x) - ((-1) + 2/'-") C(0 

i>Tl>l'- 

= l-exp(/,,,(X,y)) 

/• rvv\ fx,y{X,Y)'^ fx,y{X,Y)^ fx^y{X,Y)^ n fv5\ 
-.UAX,Y) + 0{Y). 

We obtain the requned equations by compering the coefficients of X'-Y^'s. 



□ 



REMARK 4.2. We can not derive the formula (jl.6p of Gangl, Kaneko and Zagier from (i) in Propo- 
sition 2?T] directly, but we can do it by use of the Euler sum formula (jl.3p and the harmonic relations 
among the double zeta values 

C{m)(^{n) — (^{nijii) + C.{n.,m) + (^{m + n) 

where m,n > 2. On the other hand, we obtain the weighted Euler sum formula (|1.4p of Ohno and 
Zudilin by (i) with x = y = 1 in Proposition 14. 1 1 directlv. 

As applications of Theorem II .21 and Proposition 231 we will give identities including the weighted 
sums 



J2 2''-^ahM,hM) 



(!l+'2+i3 + '4=0 



which appear in the weighted sum formula of Guo and Xic [12, Theorem 1.1] in the case of depth 4, 



m 



E 



l-l>2,l2 ,13 ,i4>l 
(!l+!2 + i3 + '4 = 



Unlike the formula of Guo and Xie, our identities include either weighted sums of multiple zeta values 
with lower depths 2, 3 or sums of two products of single zeta values. 



10 



PROPOSITION 4.3. Let I be an integer with I > 5. 
(i) It holds that 



48 



ll>2,l2 '^3 i'4>l 



il >2,i2,l3>l 
(^1+^2+^3 = 



il>2,i2,>l 
(il + l2=i) 



(ii) It holds that 

ll>2.l2.'3.'4>l Jl,32>3 i=l 

('l+!2 + '3+i4 = ') (31+i2 = 

We prepare a notation and a lemma to prove the proposition. Let 3; (a^, y) be the derivative 

gp+q 

function — — - — 3; (a^, J/) for any pairs {p,q) of nonnegative integers and {l,n) of positive integers 



with I > n. By (|1.7p . it is expressed as 
3|"^^^^'^^(a;,y) = ^ - 1), - - - 1)), a:'^-'-V-'^-^"-'^"''C(/i, • ■ • , ^«), (4.1) 

>2,i2: - ■ ,'ti>1 

where [x)^ := x{x — 1) • • • (x — n + 1) denotes the descending Pochhammer symbol, in particular, 
{x)q = 1 and = for integers m,n with m < n. The lemma deals with special values of 

derivative functions. 

LEMMA 4.4. Let l,n be integers satisfying I > 5,n > 3, and 5* the differential operator 



dxdyj^^y^^ 



(i) We have 



83|'^(2,1), 



[y - (3^"^ + y.y) + {-iT^t\v + ^)) 

^ {{y " xf (3|'' {x + y,y) + 3|'^ {y + x, x)) ) 
^[{y-x)[^f\x + y,y)--bf\y + x,x))^ - 43f )^(°^''(2, 1), 
(3p'(x + y,2/) + 3p^(2; + x,x))) = 3P^^'°''^(2,1). 



(ii) FFe /laue 



?;a;(y - x) J 6 

*((j/--r((i + (-i)')^^ + (-i)'^ + f)) = 0- 



Proof. We prove the equations in (i). The first equation is evident because of n > 3, and the second 

_ ^ (d_ d_\d_ 

dy^ dxdy ^dy dx J dy 



is derived from ^((u — xY) = 4. The third and fourth follow since ^-^ — -Ar- = (-§■ — and 

V^^ ^ / oy oxoy \oy ox J ay 
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+ iy-^) (3P^^(^'") {X + y,y)+ 3r)^(°-^' ix + y,y)- 5^'^'''^ iy + x,x)) 



|- (3f ^(2: + y) + 3p^(y + x,x)) = sf ^^^''"^(2: + y,y) + 3f + y, y) + 3p^^^''°^(2; + 



(9y 



1-2 



We verify the equations in (ii) next. We see from (y' — a;' ^)/(?/ — 2;) = V''^'' ^ ^ t^^t 

' ) = Eoa-i)-j-(^-2-j-)) = I: (2,- - (/ - 1),) . 

By use of the famous formula J = ^(^ + and X — ^(^ + l)(2/i; + l)/6, we get 



y — X J 6 



Thus we have 



* — ^ ^ = * 



— x) J \ y X y — X 

+ + -1)2 + 



2 (Z-i)(?-2)(/-3) _ (; + i)(;2-; + 6) 



6 6 
which proves the first equation in (ii). The second is clear because of ^ > 5. □ 

Proposition 14.31 can be derived from Theorem 11.21 Lemma 14.41 and Proposition 14.11 easily; We see 
from Theorem II .21 and Lemma UH] that 

83^^(2, l)+43p(°'^^(2,l)+3r^^'"^^)(2,l) = ^^i^^4^^C(0, 

which with (jl.7p and (j4.ip verifies Proposition 14.31 (1). The equation with x — y — 1 in Proposition 
14.11 fiii) proves Proposition 14.31 fii). 
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